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Introduction

In this note we consider some numerical examples solved by explicit
e-step methods as given in [1], One step methods for linear initial
lue problems I by P.J. van der Houwen. These examples are inital value

oblems for a system of ordinary differential equations of the type

1) av _

sre U and F are (vector) functions of the variable t, and D is a
trix with constant entries. We shall denote functions of the continuous
riable t by capitals and the corresponding discretized functions, i.e.
2 functions which arise from restructing t to a discrete set of points,
the corresponding lower cases.

The aim is to obtain the relation between the computation time and
> accuracy obtained. The computation time c needed to perform the cal-
lations is measured by the number of evaluations K of the right hand
ie of equation (1.1).

> difference scheme is of the form

(1) .1 2 (2) 1 p (p)
= + - oo oy
,2) uk+1 uk Tck + > T ck + + o! T ck +
p+1 (p+1) n (n) -
8p+1T C + ... BnT Cp > k=20,1,2, >
:re
(0) _
kT %
1
. . 1
+ -
él 1) _ Dc(l) + Q;T fk’ i=0,1,2, «i., p-1.
at

‘ther, u, denotes the difference solution at t = t, = kT and T the

)p along the t-axis.




e accuracy € is defined by

.3) € = max 1T, - wll,,
k=1,2,...,k © xll2
ere Sk denotes the analytical solution at t = tk = kT

clidean norm.

heme (1.2) will be applied to the diffusion equation.

Reduction of the diffusion equation to a set of ordin

equations.

Consider the following initial boundary value probl

ffusion equation:

p
Ut(x,t) = Uxx(x,t) + G(x,t), 0 <x<1,0
U (x,t) = U(x,0), 0<x<1,%
1) <
U (0,t) = ¢(0,t), 0<t=<T,
U (1,t) = ¢(1,t), 0<t<T,
\

sre G(x,t), U(x,0) and ¢(x,t) are given functions and
tegration interval along the t-axis.

First we discretize the partial differential equati
the x variable to obtain a set of linear equations. H
oroximation will be used for the second derivative U

an problem (2.1) reduces to the initial value problem

{ ~
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matical Cent
as shown in

able when
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2 o(0,t)

}1(t) +h
i(t) +0
(t) +0
(t) + n~2 o(1,t)

N-2
N-1

tes the mesh-widtg along the x-axis,

+ G(jh,t). Note that D is a symmetrix matrix.

e initial value problem

olved numerically on the EL X8 computer of
sterdam, by applying scheme (1.2).

at scheme (1.2) has an accuracy of order p and

(D),




lere o(D) is the spectral radius of D and B(n) is determined

merating polynomial.

= P+1 = p+q+
P (D) AP(TD) + (1D) Bq(TD), n = p+q+l,
.th
- 1 2 1 P
AP(TD) =1+ +5 (D)7 + ...+ D! (tD)
1d
- q
Bq(TD) = Bp+1 + Bp+2 ™D+ ... + Bn(TD) .

sre we employ the first order exact polynomial Pn(x) = Tn(1 4

1ich is appropriate in cases where D is a symmtric matrix (mc
1| cases where D has distinct real eigenvalues).

The coefficients Bj of this generating polynomial are git

. o

8. =13 (1) / (0

RN i,

ere

n de n x=1
1d B(n) is given by
B(n) = on.

; the end of this note the values of Bj are listed for some 1
and n in 12 decimals exact.
We distinguish two cases:
) Fixed timesteps.

The time step T equals the maximal allowed step, i.e.

T =B(n) / o(D) =1 stab




Controlled timesteps.

The timesteps T, are chosen at each level in such a way that the
euclidean norm of the local discretization error due to the x-dis
tization equals the euclidean norm of the discretization error du

time discretization. To be more specific, we put

L4
2 9 R (p+1) (p+1)
This yields

T =1 = h2/(12((p+1)' -B8_..))
k acc ' p+1

L

U
« —El, 7 Hef2 ),

ox

We shall use the approximation

BuU

= h‘u(uk((n+2)h)~huk((n+1)h)+6uk(nh)—huk((n-1)h)+uk((1

In our calculations we have used only + 10% of the available valus
BMU
of
axu

kl in order to save computation time. In addition the

X=nh

stability condition, mentioned above, is imposed on the scheme.

Results

The problems we have chosen satisfy the boundary conditions:
),t) = U(1,t) = 1.

* a survey of the results we give the following table.




Table 1

Survey of results

U(x,t) U(x,0) method results
BT o | T aee diagram |efficiency

2" (x—x1o)+1 1x—x © 1 x A 1(+) 1

" " i x 1(x) i

" " 10 x 1(%) 8

" " 10 b 4 1(3€) 8

a_t(x—xh)+1 1+x—xu 10 X 2(+) 1

10 X 2(x) 9

)10 x40 |14kt | 10| x 3(+) i

10 x 3(x) 5

> diagrams are given at the end of this note. The numbers in the last

-.umn indicate the relative efficiency of the method.

Concluding remarks

As shown in table 1 the polynomial method is most efficient when:

n is large

T equals the maximum allowed timestep i.e. T = Totab? in cases where
the analytical solution is smoother on the t dependence than on x

dependence (figure 2).

T equals Toco in cases where the analytical solution is smoother on

the x dependence than on t dependence (figure 3).




The ALGOL program

Before we deal with the structure of the program we give a list

the parameters which must be specified as input on a paper tape for

e program:

length of interval along the x-axis,
" " " " " t-axis.

number of meshpoints along x-axis to be used in first

calculation.

increase in number of meshpoints.

number of meshpoints along x-axis to be used in last

calculation.

equals n.

B(n)

coefficients of the polynomial

to stop the program.

We now describe the functions of the procedures declared in the

dgram:

20T

IPSIZE
M

calculates meshwidth h and Totab'

activates ANSOL for calculation of initial values of u.
calculates tauacc and activates the formal procedures A, G.
calculates the euclidean norm of the vector.

iQ) and activates CORTERM.

calculates the analytical solution in the meshpoint on the

level t.

calculates ¢

(i)
K
calculates the i-th derivative of the inhomogeneous term £y

activates D, IDIT and calculates the vector c




calculates the vector Dy, .

k
JTPUT calculates the relative accuracy eps and delivers the values
of o and eps.
r nler activates Pr string, NLCR and punches the code for carriage

return.

¢ string prints and punches the string parameter.

irthermore, we used the library procedures (e.g. the Input and Output-

rocedures) as mentioned in [6].

We conclude this section with the complete version of the program
1 the case of variable timesteps. It will be clear that this program
1y be used for the same problem with fixed timesteps after some small

1anges in "cycle" and the procedure "INPUT",
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comment cgl, 2007 diffusian equation with controlled timestep,
70, Ut= Uxx + exp(=t) X (xA+ + 12 X x A 2 = x), U(0,t)=

t)-— 1, U(x,0)= 1 + x = xN\+, opl: U= 1 + exp(=t) X (x - x4);
ger k kmax, n, N, Nminl, Nmin2, i, I, j, first,epst, 1, per, J;
" Ttau, taustab, h, eps, epsmax, x, t, int, inx, h2de, beta, b2,
!, tauconv, expon, taumax, taumin;

redure INPUT(inx, int, U); real inx, int; array U;

7n h:= inx / N; h2de:= h X Hj taustab:= hode X beta / 4; NLCR;
PRINTTEXT({N=}); ABSFIXT(3, O, N); TAB; PRINTTEXT({h=});

FLOT(3, 1, h); TAB; PRINTTEXT(ddegree=$); ABSFIXT(2, O, I); TAB;
PRINTTEXT ({taustab=$); FLOT(10, 1, taustab); NLCR; PRINTTEXT(

k tauconv tau field in a number of points,..
Bx Xb); NLCR; t:= epsmax:= taumax:= 0; taumin:= int; k:= O;
expon:= 1; ANSOL(U)

:edure STEPSIZE(A, C, a, b, c); procedure A, C; array a, b, c;
n A(a, b); C(b, c);

Tauconv:= h2de x NORM(a, 1) / (NORM(b, 1) X abs(b2 X 12 = 6));
STEPSIZEs= if tauconv < taustab then tauconv else taustab

redure NORM(a)length: (1); array a; integer 1;
. real s, ajs

_S-:= O,

for j:= 1 step — 1 until 1 do

Pegin aj:= aljl; s:= aj X aj + s end;

NORM:= sqrt(s)

eucludian norm ;

sedure Uxxxx(a, b); array a, b;
in integer n;

Teal hhdeml;

Tideml := 1 / (h2de x h2de);

for js:= 1 step — 1 until 1 do

Pegin n:= 3 X 10 = 53

_—F]:=( n+2]-b[n+1]Xh+b[n]><6—b[n-1]><’4
bln = 2]) X hlidem

end

redure C2k(a, b); array a, b;
m Tor J:= 1 step T until 2 do CORRECTIETERM(J, a, b);
Tor j:= 1 step 1T wntil 1 do aljl:= alj X 10.= 5]

'
)
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edure ANSOL(a); array a;
Ti= min 1 step = T until<1 do
nxi=jxXxh;aldli=T=xA3+ 1) X xX expon + 1 end;

edure CORRECTIETERM(i, a, b); integer i; array a, b;

n D(a); IDIT(i =1, b);

For j:= Nmin 1 step — 1 until 1 do aljl:= aljl + bljl;

edure IDIT(i)with results in array: (a); integer i; array a;
n integer sgn;

real procedure F(x); value x; real X;
Fe= expon X ((x X x+ 12) X x = 1) X X3

if 1 = O then
Pegin al1T:= F(h) + 1 / h2de;
~allNmini]:= F(Nminl X h) + 1 / h2de;

for j:= Nmin 2 step — 1 until 2 do alj]:= F(J X h)
end -
else
Begin sgni:= EVEN(i);
T for ji= Nmin 1 step — 1 until 1 do aljl:= sgn X F(j X h);
end -
TDIT= Ith time Derivative of Inhomogeneous Term;

sedure D(G); array G;

n real a, b;

A= =2 x 6[1] + cla]l;

for j:= 2 step 1 until Nmin 2 do

Begin bi= GlJ = 1T =06Lj]l x 2 FaGlg + 115 G[J = 1]:= a / h2de;
at=b

end;
GlTmin1]:= (G[Nmin2] — G[Nmin1] x 2) / h2de;
G[Nmin2]:= b / h2de

sedure OUTPUT(A, B, C); array A, B, C;

M ABSFIXT(6, 0, k); FLOT(T0, 1, tauconv); FLOT(10, 1, tau);
For j:= per step per until Nminl do FLOT(3, 1, A[j]); ANSOL(B);
Tor j:= NminT step — 1 until 1 do CLjl:= A[j] = BLjl;

eps:= NORM(C, Nmin1) / NORM(B, Nmin1) X 1003 FLOT(3, 1, eps);
if eps > epsmax then

Pegin kmax:= k; epsmax:= eps; PRSYM(66) end;

WICR; if eps > 1000 then goto ready -

4

sedure PR nlcr; PR string(

53R

sedure PR string(s); string s;
T PRINTTEXT(s); PUTEXT(s) end;
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‘tring(
mlts diffusian equation with inhomogeneous term and controlled tin

270470, Ut= Uxx + exp(=t) x (xp+ + 12 X x A 2 = x), U(0,t)= U(1,
0)=1 + x = xNt, opl: U= 1 + exp(=t) X (x = xN+);

nx:= READ; int:= READ; first:= READ; step:= READ;
;o= READ;
yrder: I:= READ; if I < O then goto ready; beta:= READ;
n array B[1:1]; —
Tor Ii= 1 step 1 until I do B[i]:= READ; PUNLCR; PUTEXT(
~h kK  kmax taumins taumax:
X2 comptime degree=}); ABSFIXP(2, 0, I); PUTEXT({ Y
for Ny= first step step until last do
Begin Nminl:= ¥ = 1; Nmin2:= N = 2;
per:= if N > 10 then N : 10 + 1 else 1;
1:= if N > 10 then entier(N / 10) else 1;
begin array U[O:NI, AUxxxx[1:1], C; AIDIT, ARANSOL, AC2k,
ANSOL min U[1:Nmin1];
INPUT(inx, int, U); b2:= B[2];
comment begin cycle;
next level: for j:= Nmin 1 step — 1 until 1 do
Ac2k[ j1:="Cl4l:= Ul 31; -
taus= STEPSIZE(Uxxxx, C2k, AUxxxx, AC2k, AIDIT);
if tau > taumax then taumax:= tau;
IT tau < taumin Then taumin:= tau;
Tor is= 1 step 1"until I do
Pegin real bi, coeff; -
~—CORRECTIETERM(i, C, AIDIT); bi:= B[il;
if k = O AN = first then
Degin NLCR; FLOT(13, 2, bi); if i = I then
~Pegin PRINTTEXT(4=B(1),i=132,3...,I¥); NLCR; NLCR
ena
end;
Toeffi= tau N 1 X bi;
for j:= Nmin 1 step — 1 until 1 do U[jls= U[J] + coeff
X CLJjl —
end PI(tauD) Uk;
T:= t + tau; ki= k + 13 expon:= exp( = t);
QUTPUT(U, ARANSOL, ANSOLmin U);
if t < int then goto next level;
Comment end cycle , begin compact results;
PUNLCR; if N = first then
begin PUNLCR; PUTEXT(¥ number of mesurepoints=});
—ABSFIXP(3, 0, (last — first) : step + 1); PUNLCR;
PUNLCR -
end;
IBSFIXP(3, 0, N); PUSYM(118); FLOP(3, 1, h); PUSYM(118);
ABSFIXP(3, 0, k); PUSYM(118); ABSFIXP(3, O, kmax);
PUSYM(118); FLOP(3, 1, taumin); PUSYM(118);
FLOP(3, 1, taumax); PUSYM(118); FLOP(3, 1, epsmax);
pUsYM(118); FLOP(3, 1, k X I X N);
end;
NEWPAGE
end;
goto new order
H

re
°
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